
Classical and relativistic dynamics of supersolids: variational principle

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

2009 J. Phys. A: Math. Theor. 42 045501

(http://iopscience.iop.org/1751-8121/42/4/045501)

Download details:

IP Address: 171.66.16.155

The article was downloaded on 03/06/2010 at 08:11

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/1751-8121/42/4
http://iopscience.iop.org/1751-8121
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


IOP PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND THEORETICAL

J. Phys. A: Math. Theor. 42 (2009) 045501 (19pp) doi:10.1088/1751-8113/42/4/045501

Classical and relativistic dynamics of supersolids:
variational principle

A S Peletminskii

Akhiezer Institute for Theoretical Physics, National Science Center ‘Kharkov Institute of Physics
and Technology’, Kharkov 61108, Ukraine

E-mail: aspelet@kipt.kharkov.ua

Received 21 July 2008
Published 11 December 2008
Online at stacks.iop.org/JPhysA/42/045501

Abstract

We present a phenomenological Lagrangian and Poisson brackets for obtaining
nondissipative hydrodynamic theory of supersolids. A Lagrangian is
constructed on the basis of unification of the principles of non-equilibrium
thermodynamics and classical field theory. The Poisson brackets, governing the
dynamics of supersolids, are uniquely determined by the invariance requirement
of the kinematic part of the found Lagrangian. The generalization of Lagrangian
is discussed to include the dynamics of vortices. The obtained equations of
motion do not account for any dynamic symmetry associated with Galilean
or Lorentz invariance. They can be reduced to the original Andreev–Lifshitz
equations to require Galilean invariance. We also present a relativistic-invariant
supersolid hydrodynamics, which might be useful in astrophysical applications.

PACS numbers: 67.80.bd, 47.37.+q, 47.75.+f, 11.10.Ef

1. Introduction

A supersolid state of matter was theoretically predicted by Andreev and Lifshitz in 1969 [1].
They noted that in crystals with a large amplitude of zero-point motion (a large value of the
de Boehr parameter [2]) exceptional quantum-mechanical effects can occur. In particular, the
number of lattice sites in such crystals is not equal to the number of atoms and vacancies
exist even at the absolute zero temperature. These vacancies are caused by zero-point
energy, which also causes them to be mobile as waves. Since the vacancies are delocalized,
they can be considered as weakly interacting quasiparticles. In a cloud of quasiparticles,
there may occur a phase transition to the Bose condensed state. Therefore, a supersolid
is a state with simultaneously broken continuous translational and global U(1) symmetries
and, therefore, it has both crystalline and superfluid order. Later on, the possibility of the
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supersolid phase in 4He was also discussed by Chester [3] and Leggett [4]. For many
years, in spite of numerous experimental efforts [5], the supersolid behavior of 4He was not
discovered.

However, in 2004, Kim and Chan reported the possible observation of superfluidity in
solid 4He. The superfluid density ρs was observed at temperatures below about 200 mK
in a torsional oscillator containing both bulk solid helium [7] and a porous Vycor matrix
with it [6]. The occurrence of the superfluid density in a solid helium was accompanied
by nonclassical rotational inertia signal. Soon, several independent groups confirmed the
evidence of nonclassical rotational inertia and the possible existence of the supersolid phase
[8–11]. At the same time the low temperature measurements found no evidence for superflow
in solid 4He [12, 13] and some experiments [8, 9] showed the absence of the supersolid
behavior in annealed solid 4He samples. However, the most recent experiment showed the
superfluid-like mass transport through a region with solid hcp 4He off the melting curve [14].
Though the microscopic nature of supersolidity is still unclear, the experimental results on
annealing confirm the recent path integral Monte Carlo simulations [15–18] that ideal crystals
do not exhibit the superfluid properties. In addition, the simulations predict that there are no
vacancies in the ground state of solid 4He. Note that some microscopic models for supersolids,
in which the lattice parameters are changed independently (the lattice spacing is an independent
thermodynamic variable), do not account for the presence of defects [19, 20].

The hydrodynamic theory of supersolids was studied by a number of authors [1, 21, 22]
within the phenomenological approach and in close analogy to the two-fluid model. The
microscopic derivation of the corresponding hydrodynamic equations was given in [23] on the
basis of the Gibbs statistical operator and Bogolyubov’s method of quasiaverages [24, 25].
There also exists the useful Poisson bracket formalism to hydrodynamic theory of
various complex systems, including liquid crystals [26–29], superfluid liquids [26, 30–36],
(anti)ferromagnets [35, 37], spin glasses [26], etc. Recently, an effective Lagrangian describing
the low-energy dynamics of supersolids has been studied [38].

This paper concerns a phenomenological Lagrangian and the Poisson bracket formalism
leading to nondissipative hydrodynamics of supersolids. The main advantage of this formalism
is that it gives the straightforward derivation of dynamic equations once the dynamic variables
are defined and the Poisson brackets are found. It also provides a tool for studying Lyapunov
stability of equilibrium solutions [39]. Hydrodynamics of supersolids is entirely specified
both by the conserved quantities such as the densities of momentum, entropy, particle number
and by the fields related to the broken continuous translational and global U(1) symmetries. In
order to construct a phenomenological Lagrangian describing the low-frequency dynamics of
supersolids in terms of the mentioned hydrodynamic fields, we also have to introduce a non-
physical (cyclic) dynamic variable, conjugate to entropy [35]. Using the electromagnetic
analogy with superconductors [31], in which the presence of vortices is related to the
existence of a magnetic field, we show how to modify the obtained Lagrangian so that it
reproduces the dynamics with vortices. In our approach, the Poisson brackets of hydrodynamic
variables are uniquely determined by the invariance requirement of the kinematic part of
constructed Lagrangian. The corresponding hydrodynamic equations do not account for
any dynamic symmetry associated with Galilean or Lorentz invariance. The constraint
on the thermodynamic potential density, following from the Galilean invariance, leads to
Andreev–Lifshitz hydrodynamics. We also derive the relativistic-invariant hydrodynamics of
supersolids that might be useful for describing the crystalline superfluidity in compact stars
[40]. The limiting cases of normal and superfluid liquids as well as the elasticity equations are
discussed.
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2. General formalism

In this section we collect the basic results of the Hamiltonian formalism, which will be used
below for the hydrodynamic description of superfluid systems, in particular, supersolids. Thus,
we are interested in the slow dynamics of a set of macroscopic field variables ηα(x, t) ≡ ηα(x),
where index α numbers the fields. The dynamics of these fields is determined by the
Hamiltonian H [η] (the Hamiltonian is a functional of ηα(x, t)). In order to study the evolution
of macroscopic variables, consider the following Lagrangian:

L = L − H =
∫

d3x Fα[x; η]η̇α(x, t) − H [η], (1)

where Fα[x; η] is a certain functional of ηα(x, t). The first term in equation (1) represents the
kinematic part of Lagrangian. The infinitesimal transformations of the fields,

ηα(x, t) → η′
α(x, t) = ηα(x, t) + δηα(x, t)

induce the variation of the action functional W = ∫ t2
t1

dtL,

δW = G[t2; η] − G[t1; η]

+
∫ t2

t1

dt

∫
d3x ′ δηβ(x′, t)

(∫
d3x Jβα[x′, x; η]η̇α(x, t) − δH

δηβ(x′)

)
, (2)

with

G[t; η] =
∫

d3x Fα[x; η]δηα(x, t), (3)

Jαβ[x, x′; η] = δFβ[x′; η]

δηα(x)
− δFα[x; η]

δηβ(x′)
. (4)

The principle of stationary action (δW = 0, δηα(x, t1) = δηα(x, t2) = 0) gives the following
equations of motion:

η̇α(x) =
∫

d3x ′ J−1
αβ [x, x′; η]

δH

δηβ(x′)
, (5)

where the inverse matrix J−1
αβ [x, x′; η] is defined by∫

d3x ′′ Jαγ [x, x′′; η]J−1
γβ [x′′, x′; η] = δαβδ(x − x′). (6)

Now we define the Poisson brackets for two arbitrary functionals A[η] and B[η] as follows:

{A,B} =
∫

d3x d3x ′ δA

δηα(x)
J−1

αβ [x, x′; η]
δB

δηβ(x′)
, (7)

where J−1
αβ [x, x′; η] = {ηα(x), ηβ(x′)}. Then equations (5) become

η̇α(x) = {ηα(x),H } =
∫

d3x ′{ηα(x), ηβ(x′)} δH

δηβ(x′)
. (8)

Due to the antisymmetry property Jαβ[x, x′; η] = −Jβα[x′, x; η], the Poisson brackets (7)
meet the well-known relationships

{A,B} = −{B,A}, {AB,C} = A{B,C} + B{A,C},
including the Jacobi identity

{A, {B,C}} + {B, {C,A}} + {C, {A,B}} = 0,
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which is satisfied in virtue of the following equality:

δJαβ[x, x′; η]

δηγ (x′′)
+

δJγα[x′′, x; η]

δηβ(x′)
+

δJβγ [x′, x′′; η]

δηα(x)
= 0.

Now we address the canonical transformations. To this end, consider the transformations of
the form:

ηα(x) → η′
α(x) ≡ η′

α[x; η], (9)

where the transformed field η′
α(x) is a certain functional of the initial field ηα(x). Those field

transformations that satisfy the condition∫
d3x Fα[x; η]δηα(x) −

∫
d3x Fα[x; η′]δη′

α(x) = δQ[η] (10)

or

δQ[η]

δηα(x)
= Fα[x; η] −

∫
d3x1 Fβ[x1; η′]

δη′
β[x1; η]

δηα(x)
(11)

are referred to as canonical transformations. Being dependent on the structure of canonical
transformations, the quantity Q[η] represents a functional of ηα(x). If Q = const, then we
deal with the homogeneous canonical transformations which leave invariant the kinematic
part of Lagrangian (the first term in equation (1)). Next, taking into account the identity
δ2Q/δηα(x)δηβ(x′) = δ2Q/δηβ(x′)δηα(x), valid for the second variational derivatives, the
canonical condition (11) can be written in the form

Jαβ[x, x′; η] =
∫

d3x1 d3x2
δη′

γ [x1; η]

δηα(x)

δη′
λ[x2; η]

δηβ(x′)
Jγλ[x1, x2; η′]. (12)

The Poisson brackets (8) are invariant under transformations (9) if the following condition is
satisfied:

J−1
αβ [x, x′; η′] =

∫
d3x1 d3x2

δη′
α[x; η]

δηγ (x1)

δη′
β[x′; η]

δηλ(x2)
J−1

γ λ [x1, x2; η]. (13)

It can be easily proved that equation (13) is equivalent to equation (12), which reflects
the condition for transformations (9) to be canonical. Indeed, introducing the notation
Tαβ(x, x′) = δη′

α[x; η]/δηβ(x′), one can write equations (12) and (13) as T̃ J [η′]T = J [η]
and T J−1[η]T̃ = J−1[η′], respectively, where Tαβ(x, x′) = T̃βα(x′, x). Then from the
first equation, we find J−1[η] = T −1J−1[η′]T̃ −1 that results in equation (13), J−1[η′] =
T J−1[η]T̃ .

A Lagrangian is determined up to a derivative with respect to time. It can be easily proved
that L̃k = L̃k + dχ(η)/dt leads to the same Poisson brackets and equations of motion as L̃k

(see equation (1)). In doing so, we have to take into account equations (5), (12) and (13).
We now discuss the infinitesimal canonical transformations,

ηα(x) → η′
α(x) = ηα(x) + δηα[x; η(x′)]. (14)

Then in the case of homogeneous transformations (Q = const), the canonical condition (11)
reduces to ∫

d3x ′ Jαβ[x, x′; η]δηβ[x′; η] = δG

δηα(x)
(15)

with

G =
∫

d3x ′ Fβ[x′; η]δηβ[x′; η]. (16)
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Next, employing equations (6) and (7), one immediately obtains from equation (15):

δηα[x; η] = {ηα(x),G}. (17)

Thus, the quantity G (see also equation (3)) should be interpreted as the generator of the
infinitesimal canonical transformations (14). Such interpretation was given by Schwinger in
the quantum action principle [41, 42]. Exactly equations (16) and (17) will be used below
to find the Poisson brackets of hydrodynamic variables. Finally, note that the Hamiltonian
mechanics in terms of the arbitrary dynamic variables was studied by Pauli [43] for the systems
with finite degrees of freedom.

3. Thermodynamics

Normal state. The normal equilibrium state of a macroscopic system can be specified by five
independent variables: the particle number density ρ, the entropy density σ and the three
components of the momentum density πk . Then, being a function of these thermodynamic
variables, the energy density ε determines the equation of state, ε = ε(πk, ρ, σ ). One can
also choose another set of thermodynamic variables that includes the temperature T, the
chemical potential μ and the velocity vk . The corresponding thermodynamic potential density
is usually denoted by ω,ω = ω(T ,μ, vk) (ω′ = ωT = −p is the Gibbs thermodynamic
potential density and p is the pressure).

Crystalline state. The description of the states with a spontaneously broken symmetry requires
the introduction of the supplementary thermodynamic variables. For a crystal, which breaks
the continuous translational symmetry, such variables specify its deformation. As the elastic
body is deformed, each of its initial coordinate yi (Lagrangian coordinate) is displaced to xi

(Eulerian coordinate). These coordinates are related to the displacement vector ui(x),

xi = yi + ui(x). (18)

Differentiation of equation (18) with respect to yk gives

∂xl

∂yk

λil = δik, λil = δil − ∂ui

∂xl

. (19)

The introduced quantity λik characterizes the crystal deformation. For an ordinary crystal
(without defects), the number of lattice sites coincides with the number of atoms. Since
the number of lattice sites is a constant in deformed and undeformed volumes of the body,
nδV = n0δV0, we come to the well-known relationship,

n = n0|λik|, (20)

where n, n0 are, respectively, the densities of lattice sites (or atoms) in the deformed and
undeformed volumes δV and δV0 of the body and |λik| denotes determinant of the matrix λik .
According to equation (20), the density of lattice sites n is determined by λik and, therefore, it
cannot be considered as the independent variable. Thus, the thermodynamic state of a crystal
is completely specified by the three components of the momentum density πk , the entropy
density σ and λik , so that ε = ε(πk, σ, λik). If the energy density ε depends on λik only
through |λik|, then we come back to the description of the normal equilibrium state (normal
liquid).

Supersolid state. As mentioned in the introduction, a supersolid state breaks both the
continuous translational and the global U(1) symmetries. Therefore, in order to describe
the supersolid state, we have to introduce the superfluid momentum pk (along with λik) as
the supplementary thermodynamic variable associated with U(1) symmetry breaking. The
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superfluid momentum is determined by the scalar potential ϕ, pk = ∇kϕ. Besides, as we have
already emphasized, for the supersolid phase, the density of lattice sites n (n is determined by
λik; see equation (20)) does not coincide with the particle number density ρ. Therefore, these
quantities should be considered as independent thermodynamic variables and, consequently,
ε = ε(πk, ρ, σ, λik, pk).

We now introduce another set of thermodynamic variables, more useful in microscopic
approach to superfluid systems [23, 25, 44]. Moreover, as we will see below (see section 8),
this choice of thermodynamic variables leads to the most simple formulation of relativistic-
invariant hydrodynamics of superfluid systems. Let us consider Ya (a = 0, k, 4), pk and
λik as new thermodynamic variables which define the thermodynamic potential density
ω = ω(Y0, Yk, Y4, pk, λik), so that

dω = ε dY0 + πk dYk + ρ dY4 +
∂ω

∂λik

dλik +
∂ω

∂pk

dpk. (21)

Then the densities of energy ε ≡ ζ0, momentum πk ≡ ζk and particle number ρ ≡ ζ4 are
related to ω by the following formulae:

ζa = ∂ω

∂Ya

, a = 0, k, 4. (22)

From equation (21), we get the basic thermodynamic identity,

Y0 dε = dσ − Yk dπk − Y4 dρ +
∂ω

∂pk

dpk +
∂ω

∂λik

dλik,

where the entropy density is given by

σ = −ω + Yaζa = −ω + Y0ε + Ykπk + Y4ρ. (23)

It is easy to see that the above thermodynamic identity yields

∂ε

∂σ
= 1

Y0
= T ,

∂ε

∂πk

= −Yk

Y0
= vk,

∂ε

∂ρ
= −Y4

Y0
= μ,

∂ε

∂pk

= 1

Y0

∂ω

∂pk

,
∂ε

∂λik

= 1

Y0

∂ω

∂λik

,

(24)

where T , vk and μ are the temperature, velocity and chemical potential, respectively.

4. Lagrangian

In non-equilibrium statistical mechanics, the locally equilibrium thermodynamic variables
are assumed to describe correctly the weakly inhomogeneous states of condensed matter.
Such a description is complete, i.e., there is no necessity to introduce the supplementary
thermodynamic parameters in consequence of the time evolution.

In this section, we will obtain a Lagrangian describing the supersolid dynamics
(hydrodynamics). The starting point is the local statistical equilibrium principle. This principle
states that on hydrodynamic timescales, the thermodynamic variables are assumed to be slowly
varying functions of space coordinate and time. Exactly these functions should be considered
as dynamic (hydrodynamic) variables when constructing the corresponding Lagrangian. In
addition, the thermodynamic energy of the system (or the Hamiltonian) is a certain functional
of the local thermodynamic variables.

Consider the following Lagrangian density in terms of Lagrangian coordinate yi :

L(y) = L(y) − ε(y), (25)
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where L(y) is the kinematic part of L(y). The kinematic part is a linear and homogeneous
function in the first time derivatives of dynamic variables. In order to construct L(y), let us
choose the following pairs of fields:

πi(y, t), xi(y, t), σ (y, t), ψ(y, t), ρ(y, t), ϕ(y, t)

as conjugate dynamic variables. Some of these fields, πi(y, t), σ (y, t), ρ(y, t), are the local
thermodynamic variables, ψ(y, t) is a non-physical field representing a cyclic dynamic variable
(the energy density ε does not depend on it), ϕ(y, t) is a scalar field that defines the superfluid
momentum and xi(y, t) is Eulerian coordinate related to yi through the displacement vector
ui(x, t),

xi(y, t) = yi + ui(x, t). (26)

Note that since the formation of superfluidity breaks the global U(1) symmetry generated by
the conserved particle number, it is natural to take the particle number density ρ(y, t) and the
scalar field ϕ(x, t) as conjugate variables. In view of the aforesaid, the kinematic part density
L(y) can be written in the form

L(y) = πi(y)ẋi(y) − σ(y)ψ̇(y) − ρ(y)ϕ̇(y). (27)

We see that L(y) is given by three terms, each of which represents the kinematic part associated
with one or another thermodynamic degree of freedom. In particular, the first term is similar
to the kinematic part of Lagrangian in classical mechanics,

∑
piq̇i

The next step is to write the Lagrangian density in terms of Eulerian coordinates xi . To
this end, we address equation (26) that gives

ẋi (y) = λ−1
ik (x)u̇k(x) (28)

with

λik = δik − ∇kui(x). (29)

The solution xi = xi(y, t) of equation (26) can be inverted, yi = yi(x, t). For the
sake of simplicity, we will denote Lagrangian and Eulerian fields by the same letter, e.g.,
ψ(y, t) = ψ(y(x, t), t) ≡ ψ(x, t). Then taking into account equation (28) and noting that

ψ̇(y) = ψ̇(x) + ẋi (y)∇iψ(x), ϕ̇(y) = ϕ̇(x) + ẋi (y)∇iϕ(x),

one obtains

L(x) =
∣∣∣∣∂yk

∂xl

∣∣∣∣L(y) = qi(x)u̇i(x) − σ(x)ψ̇(x) − ρ(x)ϕ̇(x), (30)

where

qi(x) = [πk(x) − σ(x)∇kψ(x) − ρ(x)∇kϕ(x)] λ−1
ki (x) (31)

and

πi(x) =
∣∣∣∣∂yk

∂xl

∣∣∣∣πi(y), σ (x) =
∣∣∣∣∂yk

∂xl

∣∣∣∣ σ(y), ρ(x) =
∣∣∣∣∂yk

∂xl

∣∣∣∣ ρ(y)

are the densities of momentum, entropy and particle number in Eulerian coordinates,
respectively (|∂yk/∂xl| denotes Jacobian of the corresponding transformation). The total
Lagrangian density represents the difference between the kinematic part and the energy density
of the system,

L(x) = L(x) − ε[x;πi(x
′), ρ(x′), σ (x′), pi(x

′), λik(x
′)].

Here ε is a certain functional of the local thermodynamic variables and pi(x) = ∇iϕ(x) is
the superfluid momentum. Since the energy density must be invariant under the global phase
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transformations and spatial translations, it depends not on the quantities ϕ(x), ui(x) but on
their derivatives only, pi(x), λik(x). Note that our Lagrangian is a non-canonical one because
L(x) includes the nonlinear function qi(x) of dynamic variables. The equations of motion
can be derived straightforwardly, through the principle of stationary action. However, we will
use the Poisson-bracket approach to derive the dynamic equations. As we will see below,
the hydrodynamic limit of these equations reproduces the non-dissipative Andreev–Lifshitz
hydrodynamics of supersolids [1] (see also [21–23, 38]).

5. Poisson brackets

As we have already seen from the general formalism, the Poisson brackets can be obtained
from the invariance requirement of the kinematic part of Lagrangian. Here we will study the
transformations leaving invariant the kinematic part (30) and calculate the Poisson brackets
for the set {πi, ui, σ, ψ, ρ, ϕ} of dynamic variables. We recall that the thermodynamic energy
depends on gradients of ϕ(x) and ui(x) through the thermodynamic quantities pi(x) = ∇iϕ(x)

and λik(x) = δik − ∇kui(x).
We begin with the finite time-independent transformation, xi → x ′

i = x ′
i (x). It induces

the following transformation law of the displacement vector:

ui(x) → u′
i (x

′) = ui(x) + x ′
i − xi. (32)

Equation (32) reflects the displacement of the physically infinitesimal volume with Lagrangian
coordinate yi from the point xi to x ′

i . Since u̇′
i (x

′) = u̇i(x),

λik(x) → λ′
ik(x

′) = λil(x)
∂xl

∂x ′
k

. (33)

If we define the following transformation properties of our dynamic variables:

πi(x) → π ′
i (x

′) =
∣∣∣∣∣
∂xl

∂x ′
j

∣∣∣∣∣
∂xk

∂x ′
i

πk(x),

σ (x) → σ ′(x′) =
∣∣∣∣∣
∂xl

∂x ′
j

∣∣∣∣∣ σ(x), ψ(x) → ψ ′(x′) = ψ(x),

ρ(x) → ρ ′(x′) =
∣∣∣∣∣
∂xl

∂x ′
j

∣∣∣∣∣ ρ(x), ϕ(x) → ϕ′(x′) = ϕ(x),

(34)

then it is easy to show that the kinematic part (30) is invariant under the studied finite
transformations. This invariance can be written in the form∫

d3x(q ′
i (x)u̇′

i (x) − σ ′(x)ψ̇ ′(x) − ρ ′(x)ϕ̇′(x))

=
∫

d3x(qi(x)u̇i(x) − σ(x)ψ̇(x) − ρ(x)ϕ̇(x)).

Now it is evident that under the infinitesimal transformations xi → x ′
i = xi + χi(x) with

|χi(x)| � 1, the variations of the dynamic variables must be given by

δηα(x) = η′
α(x) − ηα(x), ηα = {πi, ui, σ, ψ, ρ, ϕ}.

Next, bearing in mind equations (32)–(34), one obtains

δui(x) = λik(x)χk(x), δψ(x) = −χi(x)∇iψ(x),

δσ (x) = −∇i (χi(x)σ (x)), δϕ(x) = −χi(x)∇iϕ(x),

δρ(x) = −∇i (χi(x)ρ(x)), δπi(x) = −∇k(χk(x)πi(x)) − πk(x)∇iχk(x).

(35)
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These variations preserve invariant the kinematic part L(x). Thus, according to the general
formalism, they are infinitesimal canonical transformations with the following generator (see
equation (16)):

G =
∫

d3x(qi(x)δui(x) − σ(x)δψ(x) − ρ(x)δϕ(x)) =
∫

d3x πi(x)χi(x).

Finally, noting that the variations (35) assume the form δηα = {ηα,G} (see equation (17))
and using the above explicit expression for G, one finds the Poisson brackets of πi(x) with all
other dynamic variables, including the momentum density itself:

{πk(x), ψ(x′)} = δ(x − x′)∇kψ(x), {πk(x), σ (x′)} = −σ(x)∇kδ(x − x′),

{πk(x), ρ(x′)} = −ρ(x)∇kδ(x − x′), {πk(x), ϕ(x′)} = δ(x − x′)∇kϕ(x),

{πi(x), πk(x
′)} = πi(x

′)∇′
kδ(x − x′) − πk(x)∇iδ(x − x′),

{πi(x), λkj (x
′)} = −λki(x)∇j δ(x − x′),

(36)

where we have employed the fact that χi(x) is an arbitrary function.
In order to obtain the Poisson brackets missing in equations (36), we have to study another

class of the infinitesimal canonical transformations. It is easy to see that the field variations

δqi(x) = 0, δui(x) = fi(x), δσ (x) = 0,

δψ(x) = χ(x), δρ(x) = 0, δϕ(x) = θ(x)

also leave invariant the kinematic part (30). The arbitrary real functions fi(x), χ(x) and
θ(x) do not depend on time and dynamic variables. Following the general formalism, these
variations can be written in terms of the Poisson brackets between the corresponding field and
generator G (see equations (16) and (17)):

{qi(x),G} = 0, {ui(x),G} = fi(x), {σ(x),G} = 0,

{ψ(x),G} = χ(x), {ρ(x),G} = 0, {ϕ(x),G} = θ(x),

with

G =
∫

d3x (qi(x)fi(x) − σ(x)χ(x) − ρ(x)θ(x)) .

Due to the arbitrariness of the functions fi(x), χ(x) and θ(x), we come to nonzero Poisson
brackets, missing in equations (36),

{σ(x′), ψ(x)} = δ(x − x′), {ρ(x′), ϕ(x)} = δ(x − x′) (37)

and

{ui(x), qj (x
′)} = δij δ(x − x′). (38)

Though the considered derivation gives also the vanishing Poisson brackets, we do not write
them for the sake of brevity. Therefore, equations (36) and (37) provide all the nonzero
Poisson brackets for dynamic variables {πi, ui, σ, ψ, ρ, ϕ}. The rest of the Poisson brackets
between these variables turn to zero. In order to obtain all of them, it is also necessary to
consider the kinematic part L̃(x) = −q̇i (x)ui(x) + σ̇ (x)ψ(x) + ρ̇(x)ϕ(x), which differs from
equation (30) in the time derivative, and to carry out the mathematical manipulations similar
to those described in this paragraph. Using the vanishing Poisson brackets and the definition
of qi(x) (see equation (31)), it is easy to see that the bracket (38) reduces to {πi(x), λkj (x

′)},
which was already found in equations (36). Thus, a closed system of the Poisson brackets is
given by equations (36) and (37) as well as by the vanishing brackets. Up to an overall minus
sign, the obtained Poisson brackets agree with the results of [26], where the superfluid 4He
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was studied. Note that the first brackets from equations (36) and (37) include a non-physical
field ψ(x) introduced as a dynamic variable conjugate to the entropy density σ(x). We will
see below that this field decouples from the dynamics.

Using the Poisson brackets (36), (37), one can compute the bracket (7) for functionals A

and B of the physical dynamic variables {πi, λik, σ, ρ, ϕ},
{A,B} =

[
δB

δρ
∇iρ +

δB

δϕ
ϕ,i +

δB

δσ
∇iσ +

δB

δλkj

∇jλki +
δB

δπk

(πi∇k + ∇iπk)

]
δA

δπi

+
δB

δπi

[
ρ∇i

δA

δρ
− ϕ,i

δA

δϕ
+ σ∇i

δA

δσ
+ λki∇j

δA

δλkj

]
+

{
δA

δρ

δB

δϕ
− δB

δρ

δA

δϕ

}
,

where ϕ,l = ∇lϕ. Up to the terms with λik , this result coincides with the corresponding Poisson
bracket obtained in [36] for superfluid 4He. The last term, in curly brackets, represents the
generalized two-cocycle [36]. It comes from the Poisson bracket {ρ(x′), ϕ(x)} = δ(x − x′).

6. Hydrodynamic equations

Having obtained a closed system of the Poisson brackets, we are ready to study the
corresponding equations of motion and their long-wave limit that leads to supersolid
hydrodynamics. Being a functional of the local thermodynamic variables, the Hamiltonian of
the system under consideration has the form

H =
∫

d3xε[x;πi(x
′), ρ(x′), σ (x′), pi(x

′), λik(x
′)]. (39)

The equations of motion can be easily obtained from equations (8), (36) and (37) taking into
account the fact that ψ(x) is a cyclic variable. These equations are found to be

σ̇ + ∇i

(
σ

δH

δπi

)
= 0, ρ̇ + ∇i

(
ρ

δH

δπi

+
δH

δpi

)
= 0,

π̇i + σ∇i

δH

δσ
+ ρ∇i

δH

δρ
+ pi∇k

δH

δpk

+ ∇k

(
πi

δH

δπk

)
+ πk∇i

δH

δπk

+ λki∇j

δH

δλkj

= 0

λ̇ij + ∇j

(
λik

δH

δπk

)
= 0, ṗi + ∇i

(
pk

δH

δπk

+
δH

δρ

)
= 0, ψ̇ +

δH

δπi

∇iψ +
δH

δσ
= 0,

(40)

where we have used the definition of the superfluid momentum, pi = ∇iϕ. We can see that ψ

decouples from the dynamics of the physical fields.
We are interested in the long-wave (hydrodynamic) limit of the derived equations

of motion. In this limit, equations (40) can be significantly simplified to describe the
nondissipative hydrodynamics of supersolids. In order to obtain the desired hydrodynamic
equations, we have to write equations (40) in the leading order in spatial gradients of the
dynamic variables. It is easy to see that in zeroth order in the gradients, the variational
derivatives of the Hamiltonian are replaced by the ordinary derivatives of the energy density,

δH(ηα(x′))
δηα(x)

≈ ∂ε(ηα(x))

∂ηα(x)
≡ ∂ε

∂ηα

,

where ηα , as above, denotes the whole set of dynamic (hydrodynamic) variables. Therefore,
in the hydrodynamic limit, equations (40) take the form

ρ̇ = −∇iji , π̇i = −∇ktik, σ̇ = −∇igi,

ṗi = −∇i

(
pk

∂ε

∂πk

+
∂ε

∂ρ

)
, λ̇ik = −∇k

(
λil

∂ε

∂πl

)
,

(41)

10
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where ji is the particle number flux density, tik is the momentum flux density (or the stress
tensor) and gi is the entropy flux density,

ji = ρ
∂ε

∂πi

+
∂ε

∂pi

, tik = pδik + πi

∂ε

∂πk

+ pi

∂ε

∂pk

+ λji

∂ε

∂λjk

, gi = σ
∂ε

∂πi

. (42)

The pressure p is given by

p = −ε + σ
∂ε

∂σ
+ ρ

∂ε

∂ρ
+ πk

∂ε

∂πk

. (43)

When obtaining the equation of motion for πi , we have employed the constraint rot p = 0,
which reflects the irrotational nature of the superfluid flow, and the evident property of
λik,∇iλkl = ∇lλki (see equation (29)). Note that the equation for λik can be reduced to
the equation for the displacement vector [21], usually used in elasticity theory,

u̇i − λij

∂ε

∂πj

= 0. (44)

Equations (41)–(43) provide a complete hydrodynamic description of supersolids. The first
three equations from equations (41) are the differential conservation laws for the densities of
particle number, momentum and entropy. Two other equations describe the time evolution
of the hydrodynamic variables related to the broken symmetries (the field ψ decouples from
the dynamics). The conservation law for the entropy density gives the physical meaning of
∂ε/∂πi . In fact, since the superfluid flow is not accompanied by the entropy transfer, the
quantity ∂ε/∂πi = −Yi/Y0 ≡ vni should be interpreted as the normal velocity. Eulerian
coordinate xk(y, t) (see equation (26)) represents the lattice site position of a deformed lattice
and, consequently, ẋk(y, t) is the lattice velocity. Making use of equations (28) and (44), we
can see that ẋi (y, t) = ∂ε/∂πi = vni . Therefore, the lattice velocity coincides with the normal
velocity. Note that the obtained hydrodynamic equations do not account for any dynamic
symmetry associated with Galilean or Lorentz invariance. We will study both cases below.
Finally, the energy conservation law follows from equations (41)–(43). Indeed, noting that

ε̇ = ∂ε

∂ρ
ρ̇ +

∂ε

∂σ
σ̇ +

∂ε

∂πi

π̇i +
∂ε

∂pi

ṗi +
∂ε

∂λik

λ̇ik

and using equations (41)–(43) along with the constraint rot p = 0, one obtains

ε̇ = −∇kwk, (45)

where wk is the energy flux density,

wk = ∂ε

∂πk

(
ρ

∂ε

∂ρ
+ σ

∂ε

∂σ
+ πi

∂ε

∂πi

)
+

∂ε

∂pk

(
∂ε

∂ρ
+ pi

∂ε

∂πi

)
+

∂ε

∂λik

λij

∂ε

∂πj

. (46)

Normal liquid. Let λik and pi be the cyclic variables, so that ε = ε(πi, ρ, σ ). Then the
conservation laws for the densities of particle number, entropy and momentum become (see
equations (41)–(43), (24))

ρ̇ + ∇i (ρvi) = 0, σ̇ + ∇i (σvi) = 0, π̇i + ∇k(pδik + πivk) = 0.

The constraint πi = mji = mρvi , following from Galilean invariance (see below), allows us
to transform the third equation into the Euler equation,

v̇i + (vk∇k)vi = −(1/ρm)∇ip.

Elastic medium. Equations of elasticity can also be obtained from equations (41)–(43) if to
take into account that ρ and pi are the cyclic variables, i.e., ε = ε(πi,∇iuk, σ ). For simplicity,

11
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we restrict ourselves to the case σ = 0. Then the equations for πi and ui become (we use the
equation for ui instead of that, for λik)

u̇i = λikvk, π̇i = −∇k

[
(−ε + πkvk)δik + πivk + λji

∂ε

∂λjk

]
. (47)

For an ordinary crystal, not superfluid and without defects, the density of lattice sites is
n = n0|λik|. This density coincides with the particle number density ρ and satisfies the
continuity equation ṅ + ∇i (nvi) = 0. Therefore, in the linear order in the deviation from
equilibrium, the constraint πi = mnvi gives π̇i = mnüi and equation (47) itself takes the form
of Cauchy’s equation,

mnüi = ∇kσik, (48)

where the stress tensor σik is determined by

σik = ∂2ε

∂uls∂uik

uls ≡ �lsikuls . (49)

When obtaining equations (48) and (49) we have employed the fact that the energy density
depends on ∇iuk through the symmetric strain tensor uik = (1/2)(∇iuk + ∇kui). The elastic
modulus tensor �lsik possesses the following symmetry property: �lsik = �slik = �lski =
�ikls .

Superfluid. If one consider λik as a cyclic variable, so that ε = ε(πk, σ, ρ, pk), then
equations (41)–(43) reduce immediately to equations of nondissipative superfluid
hydrodynamics (see, e.g., [26, 44]).

Vortices. The developed formalism can also be modified to describe the dynamics of vortices
in a rotating 4He. Indeed, proceeding from the analogy with superconductors [31], where
the presence of vortices is related to a magnetic field, let us introduce a ‘vector potential’
a. Then the local parameter ωωω, related to vortices, represents the analog of a magnetic field
of superconductors, ωωω = ∇∇∇ × a. In order to construct the corresponding Lagrangian, we
also consider the ‘electric induction vector’ d as a dynamic variable conjugate to a. Now the
Hamiltonian H (see equation (39)) depends on a through the superfluid momentum p = ∇∇∇ϕ−a

(rot p = −ωωω) and d is a cyclic variable. The gauge-invariant kinematic part of the Lagrangian
density (see equations (30) and (31)) is found to be

L(x) = qi(x)u̇i(x) − σ(x)ψ̇(x) − ρ(x)ϕ̇(x) − di(x)ȧi(x),

where

qi(x) = [πk(x) − σ(x)∇kψ(x) − ρ(x)(∇kϕ(x) − ak(x)) − (d(x) × ωωω(x))k]λ−1
ki (x)

and the ‘Poynting vector’ (d × ωωω) represents the momentum density related to vortices. Two
new dynamic variables evolve according to the following equations (we should remember that
d is a cyclic variable):

ḋ = ∇∇∇ × (v × d) − j, ȧ = v × ωωω, (50)

where j is the particle number flux density (see equations (42)). Using the definition of ωωω

through the ‘vector potential’ a, one finds from the second equation

ω̇ωω = ∇∇∇ × (v × ωωω).

It can be shown that all equations (41)–(46), except the equation for pi , preserve their form in
the presence of vortices [45]. The evolution of pi is governed by

ṗi = −∇i (pkvk + μ) − (v × ωωω)i. (51)

12



J. Phys. A: Math. Theor. 42 (2009) 045501 A S Peletminskii

Note that the relationship div d = ρ (the analog of Maxwell’s equation) is consistent with
the first equation from equations (50) due to the conservation law for the particle number
density ρ. Thus, equations (41)–(46), in which the equation for pi is replaced by equation
(51), provide a hydrodynamic description of a superfluid (supersolid) 4He with vortices (see,
e.g., [26]). Both quantities ψ and d decouple from the dynamics.

In conclusion of this section, we rewrite the hydrodynamic equations (41)–(46) for
supersolids in terms of the thermodynamic potential density ω = ω(Y0, Yk, Y4, λik, pk) (see
section 3). These equations have a very compact form and they are convenient for studying
both Galilean and Lorentz invariance of the system. From the thermodynamic relations (22)–
(24), one can obtain the following form of the differential conservation laws for the densities
of energy, momentum and particle number:

ζ̇a = −∇kζak, a = 0, i, 4, (52)

where ζa = ∂ω/∂Ya (ζ0 ≡ ε, ζi = πi, ζ4 ≡ ρ) and ζak are the corresponding flux densities,

ζak = − ∂

∂Ya

ωYk

Y0
+

∂ω

∂pk

∂

∂Ya

Y4 + piYi

Y0
+

∂ω

∂λik

∂

∂Ya

λijYj

Y0
(53)

(ζ0k = wk is the energy flux density, ζik ≡ tik is the momentum flux density and ζ4k ≡ jk is
the particle number flux density). Also, it is easy to see that the hydrodynamic equations for
pi and λij reduce to

ṗi = ∇i

(
Y4 + Ykpk

Y0

)
, λ̇ik = ∇k

(
λijYj

Y0

)
. (54)

Equations (52)–(54) are identical to the corresponding equations of supersolid hydrodynamics
derived within the microscopic theory [23], which is based on Bogolyubov’s method of
quasiaverages [24]. As we will show in the following section, the requirement of Galilean
invariance leads to the Andreev–Lifshitz hydrodynamics [1].

7. Galilean invariance

As we have noted, the derived hydrodynamic equations do not account for any dynamic
symmetry. Here we study their invariance under Galilean transformations, xk → x ′

k =
xk − Vkt , where Vk is the velocity of one inertial coordinate system with respect to the
other. To this end, we address the hydrodynamic equations (52)–(54) in terms of ω, since the
thermodynamic potential density ω is invariant under Galilean transformations [44],

ω(Ya, pk, λik) = ω(Y ′
a, p

′
k, λ

′
ik), a = 0, k, 4, (55)

where

Y0 → Y ′
0 = Y0, Yk → Y ′

k = Yk + VkY0, Y4 → Y ′
4 = Y4 + mVkYk +

mV 2

2
Y0,

pk → p′
k = pk − mVk, λik → λ′

ik = λik

(56)

and m is the mass of the 4He atom. In equations (56), the local thermodynamic variables with
prime and without it are taken at the points x′ and x, respectively.

It is easy to prove the consistency of equations (56) with the following transformation law
for the phase ϕ under Galilean transformation:

ϕ → ϕ′ = ϕ − mVkxk +
mV 2

2
t. (57)

To this end, consider the first equation from equations (54), which assumes the form

ϕ̇ = p0, p0 = 1

Y0
(Y4 + Ykpk). (58)
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Upon differentiating equation (57) with respect to time at fixed x′ (the phase ϕ(x) depends
on time both explicitly and through xk = x ′

k + Vkt), we have ϕ̇′ = ϕ̇ + Vk∇kϕ − (mV 2/2).
Therefore, under Galilean transformation, p0 is transformed according to the law:

p0 → p′
0 = p0 + Vkpk − mV 2

2
.

The same transformation law is also obtained straightforwardly, by using the definition of p0

through the hydrodynamic fields Ya and equations (56). Thus, equations (56) and (57) are
consistent. Finally, the transformation law for the displacement vector, ui → u′

i = ui − Vit ,
leads to the invariance of λik under Galilean transformation.

Next, according to equations (22) and (23), the densities of energy, momentum, particle
number and entropy are expressed through the thermodynamic potential density ω. Therefore,
using equations (55) and (56), we come to the well-known transformation properties for these
quantities under Galilean transformation,

ρ → ρ = ρ, σ → σ ′ = σ

πk → π ′
k = πk − mVkρ, ε → ε′ = ε − Vkπk +

mV 2

2
ρ.

The transformation laws for the flux densities (53) have the form

jk → j ′
k = jk − Vkρ, tik → t ′ik = tik − mVijk − Vkπi + mViVkρ,

wk → w′
k = wk − Vitik − Vkε + VkViπi +

mV 2

2
(jk − Vkρ).

(59)

It can be easily proved that equations (52)–(54), describing the supersolid hydrodynamics, are
invariant under the transformations given by equations (55), (56) and (59). In this connection,
note that the hydrodynamic fields η′

α(x′) depend on time both explicitly and through the
relation between the coordinates, xk = x ′

k + Vkt .
Now let us show that the constraint on the thermodynamic potential density, following

from Galilean invariance, leads to the Andreev–Lifshitz supersolid hydrodynamics. To this
end, consider a reference frame K ′ in which the superfluid momentum is zero, p′

k = 0. Then
equation (55) takes the form

ω(Ya, pk, λik) = ω(Y ′
a, 0, λ′

ik) (60)

and the hydrodynamic fields in the reference frames K,K ′ are related, according to
equations (56), by the following formulae:

pk = mVk ≡ mvsk, Y ′
0 = Y0, Y ′

k = Yk + vskY0,

Y ′
4 = Y4 + mvskYk +

mv2
s

2
Y0, λ′

ik = λik.

where vsk ≡ vsk(x) is the superfluid velocity. The flux densities (53) are expressed through
the conserved quantities ζa = ∂ω/∂Ya and ∂ω/∂pk, ∂ω/∂λik . Using equations (60) and (22),
we can write these derivatives through their values in the reference frame K ′, where vsk = 0,

ε = ε′ + vskπ
′
k +

mv2
s

2
ρ ′, πk = π ′

k + mvskρ
′, ρ = ρ ′,

1

Y0

∂ω

∂pk

= π ′
k

m
+ (vsk − vnk)ρ

′,
∂ω

∂λik

= ∂ω

∂λ′
ik

.

14



J. Phys. A: Math. Theor. 42 (2009) 045501 A S Peletminskii

Here vnk ≡ vk = −Yk/Y0 is the normal velocity that coincides with the lattice one. Therefore,
the flux densities (53) assume the form

jk = π ′
k

m
+ vskρ,

tik = [T σ − ε′ + (vnl − vsl)π
′
l + μ′ρ]δik + vnkπ

′
i + vsiπ

′
k + mvsivskρ + λji

∂ε

∂λjk

,

wk = vnkT σ + vnk(vnlπ
′
l ) +

(
μ′ +

mv2
s

2

)
jk + vnlλjl

∂ε

∂λjk

,

(61)

where μ′ is the chemical potential in K ′,

μ′ = μ + mvnlvsl − mv2
s

2
. (62)

When obtaining the expressions for tik and wk we have employed equation (23) to eliminate
the thermodynamic potential density ω (the entropy density is invariant under Galilean
transformation). From the above relations, we can see the characteristic property of Galilean
systems—the momentum density is proportional to the particle number flux density, mjk = πk .
Finally, remembering the thermodynamic relations (24), we can write equations (54) in the
form

v̇si + ∇i

(
μ′

m
+

v2
s

2

)
= 0, λ̇ik + ∇k(λij vnj ) = 0. (63)

The derived equations (61)–(63) almost coincide with the Andreev–Lifshitz equations of
supersolid hydrodynamics [1] in the nondissipative limit. However, in contrast to Andreev–
Lifshitz equations, the stress tensor tik includes the term nonlinear in strain (the last term).

8. Lorentz invariance

In this section we focus on the relativistic generalization of supersolid hydrodynamics. Instead
of Galilean invariance, we will require relativistic invariance of a hydrodynamic theory, i.e.,
the invariance under the Lorentz transformations xμ → x ′μ = aμνxν , where xμ = (t, x) and
aμν

(
aρμaρν = δν

μ

)
are the coefficients of the transformations.

We begin the generalization of equations (52)–(54) by introducing the following four-
component quantities:

Yμ = (Y0, Yk), pμ = (p0, pk), λjμ = (λj0, λjk),

where the constraints

p0 = Y4 + pkYk

Y0
, λj0 = λjkYk

Y0
(64)

represent the right-hand side of equations (54). Equations (64) can also be written in relativistic
notations,

Yμpμ = Y4, Yμλ
μ

j = 0. (65)

Since the volume of the system V is not a relativistic-invariant quantity, it is natural to introduce
the relativistic-invariant potential density ω′ = ω/Y0 instead of ω [44] (ω′ = −p is the Gibbs
potential density, where p is the pressure) and to express the conserved quantities ζa and their
fluxes ζak (see equations (22) and (53)) through this relativistic-invariant potential density. To
this end, let us consider the function ω̃(Yμ, pμ, λjμ) ≡ ω̃(Y0, Yk;p0, pk; λj0, λjk) and relate
it to the Gibbs thermodynamic potential density ω′:

ω′(Y0, Yk, Y4, pk, λjk) = ω̃(Y0, Yk;p0, pk; λj0, λjk). (66)
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Next, performing the differentiation of equation (66) with respect to all hydrodynamic fields
and taking into account the constraints (64), one finds

∂ω′

∂Y0
= ∂ω̃

∂Y0
− p0

Y0

∂ω̃

∂p0
− λj0

Y0

∂ω̃

∂λj0
,

∂ω′

∂Yk

= ∂ω̃

∂Yk

+
pk

Y0

∂ω̃

∂p0
+

λjk

Y0

∂ω̃

∂λj0
,

∂ω′

∂pk

= ∂ω̃

∂pk

+
Yk

Y0

∂ω̃

∂p0
,

∂ω′

∂Y4
= 1

Y0

∂ω̃

∂p0
,

∂ω′

∂λjk

= ∂ω̃

∂λjk

+
Yk

Y0

∂ω̃

∂λj0
.

(67)

Now, according to equations (22), the densities of conserved quantities can be written in terms
of the relativistic-invariant potential density ω̃:

ζ4 ≡ ρ = ∂ω̃

∂p0
, ζ0 ≡ ε = ∂

∂Y0
ω̃Y0 − p0

∂ω̃

∂p0
− λj0

∂ω̃

∂λj0
,

ζk ≡ πk = Y0
∂ω̃

∂Yk

+ pk

∂ω̃

∂p0
+ λjk

∂ω̃

∂λj0
.

(68)

In a similar manner, one obtains the following formulae for the corresponding flux densities
(see equation (53)):

ζ4k ≡ jk = ∂ω̃

∂pk

, ζ0k ≡ wk = −Yk

∂ω̃

∂Y0
− p0

∂ω̃

∂pk

− λj0
∂ω̃

∂λjk

,

ζik ≡ tik = − ∂

∂Yi

ω̃Yk + pi

∂ω̃

∂pk

+ λji

∂ω̃

∂λjk

.

(69)

Note that after performing the differentiation in equations (68) and (69), we should take into
account the constraints (64). One can easily see that the particle number density ρ ≡ j 0

and the particle number flux density jk ≡ jk are combined into the four-component vector
jμ = (ρ, jk),

jμ = ∂ω̃

∂pμ

. (70)

Similarly, the densities of energy ε and momentum πk as well as their fluxes wk, tik form the
energy–momentum tensor tμν of rank two,

tμν = ∂ω̃Y ν

∂Yμ

− pμ ∂ω̃

∂pν

− λ
μ

j

∂ω̃

∂λjν

(71)

with t00 ≡ ε, t0k ≡ wk, t
k0 ≡ πk and t ik ≡ tik . Here and below, the raising and lowering of

indices are implemented by means of the metric tensor gμν (g00 = 1, gik = −δik, g0k = 0).
In terms of the introduced tμν and jμ, the hydrodynamic equations (52) and (53) assume

the form

∂νt
μν = 0, ∂νj

ν = 0, (72)

where ∂ν = ∂/∂xν . Equations (54), describing the evolution of pi and λik , can also be written
in relativistic notations,

∂νpμ − ∂μpν = 0, ∂μλiν − ∂νλiμ = 0. (73)

Note that the first equation includes the irrotational condition of the superfluid flow, rot p = 0.
The second one contains the evident property of λik,∇kλil = ∇lλik . Finally, the entropy
density evolves according to the following equation:

σ̇ − ∇i

(
σ

Yi

Y0

)
= 0,

which also assumes the relativistic form. Indeed, using equations (67) and (64), one can
express the entropy density (23) through ω̃, σ ≡ σ 0 = Y0Yμ(∂ω̃/∂Yμ). Then σ 0 and the
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entropy flux density σ k ≡ YkYμ(∂ω̃/∂Yμ) together form a 4-vector σμ = (σ 0, σ k) that
satisfies the conservation law,

∂μσμ = 0.

So far, we have not imposed any constraints on the thermodynamic potential density ω̃

associated with relativistic invariance. In fact, we have merely changed from the independent
variables Ya (a = 0, . . . , 4), pk, λik to Yμ (μ = 0, . . . , 3), pμ, λiμ, where p0 and λi0 are
given by equations (64). Being a relativistic invariant [44], the potential density ω̃ must be a
function of invariants,

ω̃ = ω̃(J1, J2, Ji, Jij , I1, Ij ) (74)

with

J1 = (1/2)YμYμ, J2 = (1/2)pμpμ, Ji = pμλ
μ

i , Jij = (1/2)λiμλ
μ

j ,

I1 = Yμpμ = Y4, Ij = Yμλ
μ

j .

Moreover, under Lorentz transformations (xμ → x ′μ = aμ
ν xν), the hydrodynamic fields have

the following transformation properties:

Yμ → Y ′
μ = aν

μYν, pμ → p′
μ = aν

μpν, λjμ → λ′
jμ = aν

μλjν.

Now the energy–momentum tensor (71) and the current vector (70) can be written in the final
form

tμν = ω̃gμν +
∂ω̃

∂J1
YμY ν − ∂ω̃

∂J2
pμpν − ∂ω̃

∂Jkj

λ
μ

k λν
j − ∂ω̃

∂Ji

(
pμλν

i + pνλ
μ

i

)
(75)

and

jμ = ∂ω̃

∂J2
pμ +

∂ω̃

∂Ji

λ
μ

i +
∂ω̃

∂Y4
Yμ, (76)

where, after performing the necessary differentiation, we employed equations (65). It is easy
to see that the energy–momentum tensor is a symmetric tensor, tμν = tνμ, as it should in
relativistic theory. Due to this symmetry, the momentum density coincides with the energy
flux density. The obtained equations (72)–(76) provide the hydrodynamic description of a
relativistic supersolid. As such object, one can consider the crystalline superfluid state that
may occur in compact stars [40].

Let us consider some particular cases of equations (75) and (76).

(1) Relativistic normal liquid. The thermodynamic potential density ω̃, which depends on J1

and Y4 only, describes the nondissipative hydrodynamics of a normal liquid,

tμν = ω̃gμν +
∂ω̃

∂J1
YμY ν, jμ = ∂ω̃

∂Y4
Yμ.

These formulae also assume the form [49]:

tμν = −pgμν + wvμvν, jμ = ρvμ,

where vμ = Yμ/
√

YνY ν is the 4-velocity (vμvμ = 1) and w = (ε + p) is the enthalpy density.
The quantities w, ε and ρ are taken in the reference frame, moving with the normal velocity
vk .

(2) Relativistic superfluid. If ω̃ does not depend on Jkj and Ji , i.e., ω̃ = ω̃(J1, J2, Y4), then
equations (75) and (76) take the form

tμν = ω̃gμν +
∂ω̃

∂J1
YμY ν − ∂ω̃

∂J2
pμpν, jμ = ∂ω̃

∂J2
pμ +

∂ω̃

∂Y4
Yμ.
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The corresponding hydrodynamic equations, as well as the first equation from equations (73),
coincide with those obtained within the microscopic approach for a relativistic superfluid [44].
There is a number of equivalent formulations of nondissipative relativistic hydrodynamics
(see, e.g., [46]–[48]) in which the authors use various hydrodynamic variables. However, in
terms of the chosen variables, the energy–momentum tensor contains a smaller number of
relativistic invariants.

(3) Relativistic elasticity. Let ω̃ be a certain function of J1 and Jkj only, i.e., ω̃ = ω̃(J1, Jkj , Y4).
Then equations (75) and (76) become

tμν = ω̃gμν +
∂ω̃

∂J1
YμY ν − ∂ω̃

∂Jkj

λ
μ

k λν
j , jμ = ∂ω̃

∂Y4
Yμ.

These equations along with the second equation from equations (73) describe the relativistic
elasticity.

In conclusion, we have constructed a phenomenological Lagrangian that leads to
nondissipative hydrodynamics of supersolids. We show that the Poisson brackets of
hydrodynamic variables are found from the invariance requirement of the kinematic part
of the constructed Lagrangian. Depending on what variables are cyclic, our Lagrangian and
the developed approach describe not only supersolids but also normal and superfluid liquids, as
well as the elastic bodies. We also modify our Lagrangian to include the dynamics of vortices
in superfluid 4He. The obtained hydrodynamic equations of supersolids have the most general
form—they do not account for Galilean or Lorentz invariance. The requirement of Galilean
invariance gives the hydrodynamic equations, which almost coincide with Andreev–Lifshitz
equations. The difference is that our stress tensor includes the term nonlinear in strain. We also
present a relativistic-invariant hydrodynamic theory of supersolids, which might be useful in
astrophysical applications [40]. Due to the proper choice of hydrodynamic field variables, the
energy–momentum tensor has the most simple form in comparison to other relativistic theories
of superfluidity (it contains a smaller number of relativistic invariants; see, e.g., [46–48]).
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